PROJECTIVE TENSOR PRODUCTS OF C*-ALGEBRAS 



AJAY KUMAR AND VANDANA RAJPAL 



Abstract. For C*-algebras A and B, we study the bi-continuity of 
the canonical embedding of A** (g)^ B** {A**(§B**) into {A (g)^ S)" 
(resp. (AigiB)**), and its isomorphism. Ideal structure of A(giB has 
been obtained in case A or B has only finitely many closed ideals. 

1. Introduction 

The systematic study of various tensor norms on the tensor product of 
Banach spaces was begun with the work of Schatten [23]. Later on, Carne 
characterized those norms for which the multiphcation is continuous. One 
of them is the Banach space projective tensor norm. For a pair of arbitrary 
Banach spaces X and Y and u an element in the algebraic tensor product 
X ®Y, the Banach space projective tensor norm is defined to be 

n n 

\\u\\^ = inf{^ Ikillllyill : ti = (g) yj. 

1=1 1=1 
X (8)7 Y will denote the completion X 0Y with respect to this norm. For 

operator spaces X and Y, the operator space projective tensor product of 
X and Y is denoted by X^Y and is defined to be the completion oi X ®Y 
with respect to the norm: 

||u||a = inf{||a||||x||||?/||||/3||}, 
the infimum taken over g € N and all the ways to write u = a{x (8> y)/?, 
where a G Mi^pg, /3 G Mpg_i, x £ Mp{X) and y G Mq{Y), and x ® y = 
{xij 'S>yki){i,k),{j,i) € Mpq{X iSiY). Kumar and Sinclair defined an embedding 
/J, from A** (8)-y B** into (A (8)7 B)** , and using the non-commutative version 
of Grothendieck's theorem to the setting of bounded bilinear forms on C*- 
algebras, it was shown that this embedding satisfies < ||ju(n)|j < 

11^117 ( [IZ]; Theorem 5.1). Recently, analogue of Grothendieck's theorem for 
jointly completely bounded (jcb) bilinear forms was obtained by Haagerup 
and Musat Using this form for jcb, the canonical embedding for the 

operator space projective tensor product have been studied by Jain and 
Kumar [14]. 

In section 2, an alternate approach for the bi-continuity of the canoni- 
cal embedding of A** (8)^ B** into {A ®^ B)** has been presented with an 



2010 Mathematics Subject Classification. Primary 46L06, Secondary 46L07,47L25. 

Key words and phrases. Banach space projective tensor norm, Operator space projective 

tensor norm. 

1 



2 



A. KUMAR AND V. RAJPAL 



improved constant. Our proof essentially uses the fact that the dual of the 
Banach space projective tensor norm is the Banach space injective tensor 
norm. We also consider the corresponding operator space version of this em- 
bedding and discuss its isomorphism. In the next section, it is shown that if 
the number of all closed ideals in one of the C*-algebras is finite then every 
closed ideal of A(§)B is a finite sum of product ideals. We may point that 
such result fails for A (^min B, the minimal tensor product of C*-algebras 
A and B. Section 4 is devoted to the inner automorphisms of A(E)B and 
A B for C*-algebras as well as for exact operator algebras. Recall that 
the Haagerup norm on the algebraic tensor product of two operator spaces 
V and W is defined, for n G ^ O W, by 

n n n 

\\u\\h = mi{\\'^ViV*\\^/'^\\'^w*Wi\\'^^'^ : u = "^Vi^Wi}. 

i=l 1=1 i=l 

The Haagerup tensor product V i^hW is defined to be the completion of 
y (8) in the norm || ■ \\h [3]. 



2. Isomorphism of Embeddings 
For Banach spaces X and Y and (pi € X* , 'ipi ^Y* ^ define a linear map 

n n 

J : X* ®Y* ^ B{X X y,C) as jC^c^i ® ^i){x,y) = ^ for 

i=l i=l 

X ^ X and y ^Y . Using ( [22j, Proposition 1.2), it is easy to see that J is well 
defined. Also, clearly this map is linear and contractive with respect to || • 
and in fact || J|| = 1, and hence can be extended to X* (8)-y 1^* with || J|| = 1. 
A bilinear form T in B{X x Y,C) is called nuclear if T G J(X* ®^ Y*), 

oo 

and the nuclear norm of T is defined to be \\T\\i\i = inf{^^ ||(/)„||||V'n|| : 

n=l 

oo 

T = (f)n ®^n\- The Banach space of nuclear bilinear forms is denoted 

n=l 

by Bn{X X Y,C). For C*-algebras A and B, consider the canonical map 
9 from A (Eij B into {A* C^x B*)*, the dual of the Banach space injective 
tensor product of A* and B*, defined hy 6 = i' o J o i, where i is the natural 
isometry of A(g)^5 into A** iSijB**, J is as above with X = A* and Y = B*, 
i' is the natural inclusion of B]\[{A* x B*,C) into Bi{A* x B*,C), the space 
of integral bilinear forms. 

Lemma 2.1. For C* -algebras A and B, the canonical map 6 : A 0^ B 
{A* (g)A B*)*{= J{A*,B**), the space of integral operators from A* to B**) 
satisfies < ||^(u)|| < ||^t||7 for all u € A B. In particular, 9 is 

bi- continuous. 

Proof: The inequality of the right hand side follows directly from the 
definition of 9. Let ^ u € A (gi-y B and e > 0. By the Hahn Banach 
Theorem, there exists T G {A (g)^ B)* with ||r|| < 1 such that \T{u)\ > 
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||n||^ — e. Since {A B)* = B{A,B*), so T{a b) = T{a){b), for some 
f € B{A,B*), for all a e ^ and b e^B with ||r|| = ||r|| < 1. By ( [lOj, 
Proposition 2.1(2)), there is a net (Tq,) of finite rank operators from A to 
B* such that \\Ta\\ < 2||T|| and lim||rQ(x) — T'(a;)|| = for any x G A. 

a 

Now, for each a, corresponding to Tq, we can associate Tq, G {A (g),^ B)*. 
For u £ A i^-y B, there is ao such that |T(u) — Tq(m)| < e for all a > 
ao- Thus |Tq(j(u)[ > llull'y — 2e. Since Tq^ is a finite rank operator, so let 
dim{Range{Tag)) = m < oo. Choose an Auerbach basis {f/*!, 02, • • • , 0m} 
for Range{Tag) with associated coordinate functionals Ti, T2, . . . , Fm in B**. 

m 

Thus, for any x € A, Ta^^x) = Cj(/)j, Cj € C for i = 1, 2, . . . , m. By using 

1=1 

m 

Fi{(t)j) = 5ij, it follows that Tq„(x) = '^ilJi{x)(j)i, tpi := Fi o Tq^ G A* 

i=l 

for i = 1,2, ...,m. Therefore, for any x £ A and y £ B, TaQ{x){y) = 

771 r?i 

Vi(2^)'/'i(y) = S(^^^Tpi (g) (j)i){x){y), where S is the canonical isometric 
1=1 1=1 

771 

map from A* (8)a ^* to i?(y4,i?*). Thus ||Tqo|[ = H^^V'j ^ (piWx and so 

1=1 

m 00 

II ^^^Vi ® 01 II A < 1- Moreover, for u = ^^a„ 6„, we have ||^(?i)|| > 

i=l n=l 

X] V'i <^ 0j)l = I2 X]^ao(an)(&r»)| = \^Taaiu)\ > 2ll^ll7~^- ^ince 

1=1 n=l 

e > is arbitrary, so ||0(tt)|| > ^HuH-y. □ 
Next, we consider the map : A** (g)^ B** — )■ {A* (g^ B*)* defined by 
d> = i' o J. 



Proposition 2.2. For C* -algebras A and B, the natural map 4> ■ A**(^yB** 
[A* (g^ B*)* is bi-continuous and ^||u||^ < |[0(u)|| < ||u||^, for all u E 
A** (g-^ B**. 



Proof: By the above lemma, we have a map 6 : A**®^B** — ;> j ^j^*** ^ 

with \ \\u\\y < \\6{u)\\ < \\u\\y for all u G A**0jB**. Also, ( [22], Proposition 

3.21) shows that the natural inclusion map f : J{A*,B**) j^*** ^ 

(T T**) is isometric. We will show that j'o0 = 6. For F G A**, G G B**, 

F G A*** and G G B***, 

f o 0(F G){F){G) = j'{<t>{F ® G)){F){G), 

= [0(F®G)]**(T)(G) = F([0(F®G)]*(G)), 
= T(T)G(G), 

since [0(T G)]*{G)if) = G{(^{F G){f)) = G{G)F{f) for / G A*. Thus 
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f o (j){F ® G){F){G) = 9{F ® G){G){F). Therefore, by linearity and conti- 
nuity, i' o (p = 0, and hence the map (j) satisfies ^||ii||7 < < \\u\\^ for 
all u £ A** 0^ B** . □ 
Haagerup proved that every bounded bilinear form on A x B can be 
extended uniquely to a separately normal norm preserving bounded bilinear 
form on A** x B** ( [10], Corollary 2.4), so we have a continuous isometric 
map X ■■ {A(^-yB)* {A**(S)^B**)* . Set // = X*°i ■ A**(g)^B** (A^^B)**, 
where i is the natural embedding of A** 0^ B** into {A** 0^ jj**y* _ Kumar 
and Sinclair proved that this embedding is a bi-continuous map with lower 
bound I ( |17j . Theorem 5.1). We re-establish its bi-continuity with an 
alternate proof and an improved lower bound ^. 

Theorem 2.3. For C* -algebras A and B, the natural embedding /i satisfies 
^\\u\\-y < ||/^(^i)|| < 11^*117 for all u e A** (^^ B** . 

Proof: We know that the natural embedding j : A* B* — )■ B{A x 
B,C) = {A ®7 B)* is isometric. Thus, by the Hahn Banach theorem, 
j* : {A ®-y B)** {A* (g)^ B*)* is a quotient map. We will show that 
J* o /i = where (j) is as in Proposition 12.21 Since j* o fi and (j) are linear 
and continuous, it suffices to show that j* o /i and cp agree on A** ® B**. 
Note that, for F £ A** , G e B** , f e A* andj_eS*, 

j* o ;x(F ® G)(/ 5) = j*{x*{F^)){f ^ g) 
= X*iF^)ijif®g)) 
= x{j{l^9)){F®G) 

=x{IU^9)){FxG), 

where xUif <^ 5)) is the bilinear form corresponding to x{j{f®9)) G {A** ®B**)* . 

Since F € A** and G € B** so, by Goldstine's Lemma, there are nets 
x\ £ A and G B such that xx converges to F in a{A**,A*) and 
converges to G in a{B** , B*). The separate t(;*-continuity of the bilinear 

form x{j{f ®a)) and the equality x{j{f ® a)){xx,y^) = xi{f)y]l{g) shows 
that j* o n{F ®G){f ®g)= 4>{F (i>G){f0g). Thus, j* o ^ = 4>. Hence, by 
Proposition 12.21 we deduce that |||u||7 < ll/"(^)ll ^ II^IIt- '-' 

Remark 2.4. (i) Note that, for a C* -algebra A having Completely posi- 
tive approximation property, the canonical embedding of A** (^min B** into 
(Ai^rainB)** is isometric by ( p!9j. Theorem 3.6) and ( j2j, Theorem 3.6). 
However, for the largest Banach space tensor norm, the embedding ^ is 
isometic if one of the G* -algebra has the metric approximation property, 
which follows directly by using ( |22j. Theorem 4.14) in the above theorem. 
(ii) For a locally compact Hausdorff topological group G, let C*{G) and 
G*{G) be the group G* -algebra and the reduced group G* -algebra of G, re- 
spectively. Then, for any G* -algebra A and a discrete amenable group G, 
the natural embedding of G*{G)** ^-yA** into {C*{G)'^^A)** is isometric by 
( [H], Theorem 4.2); and for any amenable group G, the natural embedding 
ofC*{G)** 07 A** into {C*{G) ®-y Af* is isometric by ( [19j, Proposition 
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4.1). 

(iii) The natural embedding /x is isomorphism if A* has the approximation 
property, A** has the Radon Nikodym property and every bilinear form on 
A X B is nuclear. This follows directly by observing that if A** has the 
Radon Nikodym property then ( |22j . Theorem 5.32) gives us N(B* , A**) = 
PJ{B*,A**) = J{B*,A**), where PJ{B*,A**) and N{B*,A**) denote the 
Pietsch integral and nuclear operators from B* to A**, respectively |22j . 
Clearly, bijectivity follows if we show that j is an onto map. For this, let 
T G B{A X B,C) so it is nuclear. Since A* has the approximation property, 
so there exists an element u (z A* (8>^ B* such that J{u) = T, where J is an 
isometric isomorphism from A* 0^ B* to B{Ax B,C) ( [22], Corollary 4.8). 
Consider the canonical map i : A* (8)7 B* — t- A* (g);^ B* . Of course j o i = J 
on A* ® B* , and hence by linearity and continuity j o i = J. 

We now discuss the operator space version of the above embedding. Note 
that in this case the embedding is positive, and becomes an isomorphism 
under the conditions weaker than that required in case of the Banach space 
projective tensor product. For operator spaces V and W, an operator from 
V into W is called completely nuclear if it lies in the image of the map 
J : V*'SiW — >• V*i^W [9]. The space of completely nuclear operators will be 
denoted by CN{V, W). This space has the natural operator space structure 
determined by the identification CN{V, W) = For C*-algebras A and 

B, consider the map 9 from A^B into the dual of operator space injective 
tensor product {A*0B*)* given by = 5o Joi, where i : A^B A**^B** 
is the natural completely isometric map, J : A**(§iB** — )• CN{A* , B**) and 
S : CN{A*,B**) {A*^B*)* [9]. Making use of the fact that the dual 
of the operator space projective tensor norm is the operator space injective 
( [9], Proposition 8.1.2) and an application of Grothendieck's theorem for 
jcb ( [13j, Proposition 1) and the techniques of Lemma l2.ll we obtain the 
following: 

Lemma 2.5. For C* -algebras A and B, the canonical map 6 : A®B 
{A*®B*)* satisfies < ||^'(^i)|l < ||ii|lA for all u G A®B. In particular, 

9 is bi- continuous. 

Proposition 2.6. For C* -algebras A andB, the natural map (j) ■ A**^B** 
{A*(^B*)* , defined by (f) = S o J, is bi-continuous satisfying < 
U{u)\\ < IhlU for all u £ A**^B**. 

Proof. By ( [9j, Theorem 15.3.1) we have A* is locally reflexive operator 
space. Therefore, ( [9], Theorem 14.3.1) implies that (A*i^B*)* can be 
identified with I{A*,B**), where I{A*,B**) denotes the space of completely 
integral operators from A* to B**. Now, the result follows by using the 
techniques of Proposition [2^2] and ( [9j, Proposition 15.4.4). □ 

By ( [H], Proposition 2.5), we have a continuous completely isometric 
map X ■■ {A^B)* {A**^B**)*. Let fi = x* ° i ■ A**^B** (A^B)**, 
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where i is the natural embedding of A**%B** into {A**®B**)** . Then 
clearly ||^||c6 < 1. 

For a matrix ordered space A and its dual space A* , we define *-operation 
on A* by f*{x) = Jix*), rr G ^ and M„(^*)+ = {(/>£ CB{A,Mn) : 
(p is completely positive}. Note that, for C*-algebras A and B, A<SiB is 
a Banach *-algebra ( [18j, Proposition 3). 

Theorem 2.7. For C* -algebras A and B, the natural embedding ^ is *- 
preserving positive completely bounded map which satisfies ^||m||a ^ 11/^^(^)11 ^ 
IIuIIa for all u G A**®B** . 

Proof: Given a G Mi^^2, (3 G M^2^i, m G Moo{A**), n G M^{A**) and 

/ G {A®B)\ ' ^ 

/i(a(m ® n)(3)*{f) = fi{a{m (g) n)/3){f*) 
= X(.f*)(a{m(g)n)i3) 
= x{f*)*{P*{m* 0n*)a*). 
On the other hand, /x(/3*(m*(g)n*)a*)(/) = x{f){l3*{m*0n*)a*). So in order 
to prove that jj, is *-preserving, we have to show that xif)* = xif*)- Note 
that, for a G ^ and b e B, x(/)*(a ^b) = x{f){a* ® b*) = f{a* ® b*) = 
f*{a (g) 5) = x{f*){o- 6), and hence the result follows from the separate 
?i;*-continuity of the bilinear forms corresponding to x{f*) ^-^id xif)*- 

Now given an algebraic element a{m^n)a* G Ci, where C„ is defined as 
in [12 . For the positivity of /x, we have to show that /x(a(m n)a*){f) > 
for / G By ( [12], Theorem 1.9), it suffices to show that if 

7 G CP{A,B*) then ^Z) ^ B***), where 7(a)(6) = f{a b) for 

ah a G ^, 6 G and x{f){m){n) = x(/)("x n) for ah m G ^**, n G -B**. 
Since M„(^)+ is u;*-dense in Mn{A**)+ , so given [Fjj] G M„(^**)+ we 
obtain a net [a^] G M„(A)^ which is ?i'*-convergent to [Fij]. Now note that 

x(/) [Fjj] = t(7* — lim/„[a^ ]. Hence the result follows. 

The bi-continuity of the map /i follows as in Theorem 12.31 □ 

Remark 2.8. By ( [8j, Theorem 2.2), the natural embedding fj, is completely 
isometric if one of the C* -algebras has the W*MAP. 

We now discuss the isomorphism of this embedding. For x (z A, the map 
f ® g ^ x{f)g = f{x)g, for f G A* and g G B*, has a unique continuous 
extension to a map : A*i^B* — )• B*, with \\Rx\\ < 

The next proposition does not have counterpart in the Banach space 
context. 

Proposition 2.9. For C*-algebras A and B, the family {R^ : x e A} is 
total on A*^B*. 

Proof: Suppose that u G A*®B* such that Rx{u) = for ah x e A. 
Let T G {A*^B*y with ||T|| <l. Since {A*^B*)* = CB{B*,A**), so 
r(/ ® g) = T{g){f) for some T G CB{B\A**), for all / G ^* and 
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g G B*, with ||T||c6 = ||r||cb < 1. If A** is taken in the universal rep- 
resentation of A then T satisfies the W*AP by ( [9], Theorem 15.1) and 
( [3], §1.4.10). So there exists a net Tq, of finite rank t(;*-continuous map- 
ping from B* to A** such that UTaUcfc < ||r||c6, and Ta[g) T{g) for 
all g € B* . Thus for u € A*^B* and e > 0, there exists ao such that 
\T{u) - Ta{u)\ < e for all a > ao- Since^ G CB{B*,A2*), we have 
Ta S {A*iSiB*)* such that Ta(f g) = Ta{g){f). Since Tq, is a finite 

rank operator so, as in Lemma EH T^ig) = ^^j{g)'^j for G B** 

oo 

and ^'j G ^**. Thus, for u = ^afc(/fc ® gk)h, where G Mi^p^xg^, 

fc=i 

G Mpj^x<7fc,i, /fc G Mpj^(^*), and 5^ G Mg^{B*), a norm convergent 

00 

representation in A*^B* [9j, r„(u) = (4,mnTa{gnq)Utp)^pq,i = 

k=l m,n,p,q 

I 00 00 

IZ^^'C 12 «tmn^i(5^g)/mp^M,l)- Given ^ ^ (4,mnX{ftp)9nqPn,l = 
j=l k=l m,n,p,q k=l m,n,p,q 

00 

for all X e A. Therefore, ^ ^ oii,mnfLpG{gtq)Ppq,i = for any 

fc=l m,n,p,q 

G G S**. Thus To,{u) = 0, giving that |r('u)| < |r('u) - r„(u)| + \Ta,{u)\ < e 
for all a > oq, and hence n = 0. □ 
In particular, the map J : A*^B* — > CAf(74, i?*) defined above is 1-1. 
Thus A*§B* ^ CN{A,B*). 

Now, as in Remark 12. 4l fiii). we have the following: 

Corollary 2.10. Let A and B be C* -algebras such that every completely 
bounded operator from A to B* is completely nuclear and the map (j) defined 
in the Proposition 12.61 is onto. Then the natural embedding fj, : A**^B** — )■ 
(Af^B)** is an isomorphism map. 

Remark 2.11. The embedding in the case of the Haagerup tensor product 
turns out to be completely isometric, which can he seen as below. For oper- 
ator spaces X, Y , using the fact that T* = Mn and ( [3], §1.6.7), the map 
X : {X i^h y)* (X** 0/1 Y**)* is completely isometric. Set t := x* ° h 
where i : X** ®h Y** (X** ®h Y**)** . Then, clearly ||r||cb < 1. By the 
self-duality of the Haagerup norm, the map 4> ■ X** 0^ Y** {X* (^^ Y*)* 
is completely isometric. As in Theorem 12. 3|. j* o t = (p, where j is the 
completely isometric map from X* 0h Y* to {X iSihY)* , which further gives 
J* o Tn = (j)n for any n G N. Thus r is completely isometric. 



8 



A. KUMAR AND V. RAJPAL 



3. Closed Ideals in A'§)B 

It was shown in ( [16], Corollary 2.21) that if both A and B have finitely 
many closed ideals then every closed ideal of AiSiB is a finite sum of product 
ideals. In the following, we show that the result is true even if one of the 
algebras has only a finite number of closed ideals. Thus obtaining the com- 
plete lattice of closed ideals of B{H)^B{H), B{H)®Cq{X), {M{A)/A)®B, 
where H is an infinite dimensional separable Hilbert space, X is a locally 
compact Hausdorfi' space, B is any C*-algebra and M[A) is the multiplier 
algebra of A, A being a nonunital, non-elementary, separable, simple AF 
C*-algebra ( [20j, Theorem 2). 

Proposition 3.1. Let A and B he C* -algebras and I a closed ideal in A®B. 
If a b Ih, the closure of in \\ ■ then a ® b ^ I , where i is the 
natural map from A^B into A (S>h B. 

Proof: Since a (S" 6 € Ih so there exists a sequence in ^ I such that 
\\a b — i{in)\\h — ^ as n tends to infinity. Consider the identity map 
e : A B ^ A 0ram B and i' : A(S'B — )• A (SDmin B. Of course, i' = e o i on 
j4 (g) i?, and hence by continuity i' = eoi. Thus a®b ^ Imin and so a (8" & € I 
by ( [18j, Theorem 6). □ 
The following lemma can be proved as a routine modification to the ar- 
guments of ( [16], Lemma 2.8). 

Lemma 3.2. For closed ideals M of A and N of B, A(g)N + M(^B = {A^h 
N + M(g,hB)n {A^B). 

In order to prove our main result. We first investigate the inverse image 
of closed ideals of ^2<8-S2 for C*-algebras A2 and B2, which is largely based 
on the ideas of ( [9], Proposition 7.1.7) 

Proposition 3.3. For C*-algebras Ai,A2,Bi, and B2 and the complete 
quotient maps (j) : Ai ^ A2, tp : Bi ^ B2. Let I2 and J2 be closed ideals in 
A2 and B2, respectively. Then 

{>p^i))-^{l2^J2) = <p-\Q)^A2 + 0"^(/2)§V'~^(J2) + AS^-\{)). 

Proof: By ( [14j, Proposition 3.2) and the Bipolar theorem, it suffices to 
show that 

{(t>®i))-^{l2®J2)^ = [(t)-^{Q)®A2 + (t>-\l2)®i^~^{J2) + AiiVHO)]^. 

Let F € [0-i(O)g^2+0"H^2)iV'"HJ2)+^iiV'~HO)]^ then F G {Ai^Bi)* 
and F((/>-i(0)g^2 + (t>~^{h)^'4^~^{J2) + Ai^V^'HO)) = 0. Since JCB{Ai x 
Bi,C) = (Ai^Bi)*, so F{v(g)w) = Fi{v,w) for some Fi G JCB{AiX Bi,C), 
for all V £ Ai and w £ Bi. Define a bilinear map i^2 : ^2 x -B2 — t- C as 
^2(1^15 li'i) = Fi{v.,w), where 0(f) = vi and il){w) = wi. Clearly, F2 is 
well defined. Note that, for p G N, [vij] £ Mp{Ai) and [wh] G Mp{Bi), 
we have iF2)p{(pp[vij],ipp[wki]) = {Fi)p{[vij],[wki]). For any e > 0, there 
are [vj.] G Mp(^2) and G Mp{B2) with ||[4]|| < 1, < 1 such 
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that ||(F2)p|| - e < \\{F2)p{[v^j],[wli\)\\. We can find r,s E M such that 
llbj^ll < s < 1- By definition, we may write (pp[vij] = 

4^ and ijp[wki] = where [vij] G Mp{Ai), [wm] G Mp{Bi) both have 

norm< 1. Thus > Kz])|| = \\iF2)p{(^p[vi,],i^p[wki])\\ = 

ll(i^2)p(4^,^)||, and so ||(Fi)p|| > ||(F2)p||. This shows^that F2 x 

i?2 ^ C is jcb bihnear form. Thus it will determine a -F2 G (^2<^-B2)*. 

We have F{v (g) tt;) = Fi{v,w) = F2{(l){v),ip{w)) = F2{(j){v) ip{w)) = F2 o 

{(I)^^){v0w) for all V & Ai and w £ Bi. This implies that F = F2o((p(§iip) on 

Ai(S>Bi, and so by continuity F = F2o{(f)^ip). Now let z G (</)(§)V)~H-^2<§'-^2)- 

We may assume that ||z||a < 1- Then (l)0ip{z) G I2®J2 and |[</>(X)^/^(z)||a < 
00 00 

1. So (t)®ij{z) = ^ak{ik® jk)h Yl ^imn{i'Lp^jng)l^pq,l ^ith 

k=l k=l m,n,p,q 

i^p G I2, inq £ J2 and Wi^pW < 1) I ling II < 1 |9J- Since (p and ip are complete 

quotient maps and F((^-i(0)§yl2 + </'~H-^2)(§>V'"H>^2) + ^i§^~HO)) = 0, so 
it follows that F{z) = 0. Hence 

[(P-\O)0A2 + <j)-Hl2)^ij~Hj2) + Ai^ij~\0)]^ C (0§V)"^(-^2®^2)^. 

Since the annihilator is reverse ordering, so converse is trivial. □ 
Now we are ready to prove the main result. 

Theorem 3.4. If A and B are C* -algebras such that number of closed ideals 
in A is finite. Then every closed ideal in Ac^B is a finite sum of product 
ideals. 

Proof. Proof is by induction on n{A), the number of closed ideals in A 
counting both {0} and A. If n{A) = 2 then the result follows directly by 
( [Ml, Theorem 3.8). Suppose that the result is true for all C*-algebras with 
n{A) < n — 1. Let A be a C*-algebra with n(A) = n. 

Since there are only finitely many closed ideals in n{A) so there exists a 
minimal non-zero closed ideal, say /, which is simple by definition. Let K 
be a closed ideal in A^B then K n {I^B) is a closed ideal in I(S)B. So it is 
equal to I^J for some closed ideal J in 5 by ( [H], Theorem 3.8). Consider 
the closed ideal Kh, the closure of i{K) in \\-\\h, where i : Af^B — > Af^hB is 
an injective map( p^. Theorem 1). Then D (1 B) = I J for some 
closed ideal J in i3 by ( pj. Proposition 5.2). We first show that J = J. 
Since the map i : A 0h ^ '^s injective so Kh H (A^B) D K. Thus 

I(^hJ^(A^B) ^ Kn{I(^hB), which by using ( [25], Corollary 4.6), ( [15], 
Proposition 4), and Lemma [321 gives that 10 J ^ I§J and so J 5 J. To 
see the equality, let j G J. Take any i £ I then i® j £ so it belongs to 
K by Proposition 13.11 Thus i® j £ I® J. Hence j G J. 

As in ( [IJ, Theorem 5.3), Kh <Z A 0h J + M 0h B for M = ann{I). 
Thus K C A(§)J + M(S)B by Lemma 13.21 Since M cannot contain /, so 
n{M) < n{A) - I = n - I. Thus K n (M§5), which is a closed ideal 
in M(^B, is a finite sum of product ideals by induction hypothesis. Let 
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T = Kn{A(S)J) then clearly T contains I<S)J- Corresponding to the complete 
quotient map n : A ^ A/I, we have a quotient map ir^id : A(^J — )• A/I^J 
with kernel I^J and ■K®id{T) is a closed ideal of A/ 1® J ( [15], Lemma 
2). Also n{A/I) < n{A) — 1 = n — 1 and so by the induction hypothesis 
TT^id{T) = ^^^^Ir^Jr, where Ir and Jr are closed ideals in A/ 1 and J, 
for r = 1, • • • respectively. Thus, by ( [15j, Lemma 2) and Theorem 13. 3| 
T = Y!r=i T^'^{Ir)^Jr + I®J- So H {A^J) + R {M®B) is a finite sum 
of product ideal and hence closed by ( [Tl], Proposition 3.2). 

We now claim that K n [A® J + M^B) = K r\ {A^J) + K r\ {M%iB). 
Let z € K n {A(^J + M%B). Since the closed ideal A%J + M%B has a 
bounded approximate identity so there exist x, y € A® J + M^B such that 
z = xy and y belongs to the least closed ideal of A(^J + M^B containing z 
( [1], §11, Corollary 11). This implies that yeK so zeKn (A^J) + K D 
(M^B). Hence Kn{A^ J + M^B) = Kn{A0j) + Kn{M^B). Therefore 
X is a finite sum of product ideals. □ 

4. Inner Automorphisms of A^B 

For unital C*-algebras A and B, isometric automorphism of Acgi-B is either 
of the form (f)(E)ip or i'(S)p o r, where (j) : A ^ A, : B ^ B , u : B ^ A and 
p : A ^ B are isometric isomorphisms ( [13j, Theorem 4). In the following, 
we characterize the isometric inner * -automorphisms of A^B completely. 

Proposition 4.1. For unital C* -algebras A and B, the map cjy^il) is inner 
automorphism of AiSiB if and only if (p is inner automorphism of A and ■0 
is inner automorphism of B. 

Proof: Suppose that cp^ip is implemented by n G A^B. We will show that 
0®minV' is implemented by i{u), where i is *-homomorphism from A(§)B into 
^'X'mm-B pjj. It is easy to see that io(p®ip = 4"Siminfp°i- So, for x G A^B, 
4'®mm'ip{i{x)) = i{uxu~^) = i{u)i{x)i{u~^) = i{u)i{x)i{u)~^ . As i{A®B) is 
|[ • |[mj„-dense in A (8)min B, so (p (8>min ip is implemented by i{u). Hence the 
result follows from ([26], Theorem 1). Converse is trivial. □ 
Note that the above result can also be proved for the Banach algebra 
A^hB. 

We now characterize the isometric inner automorphism of A0B for C*- 
algebras A and B other than M„. 

Theorem 4.2. For unital C* -algebras A and B other than M„ for some 
n G N, the isometric inner * -automorphism of A0B is of the form (p^ip, 
where <j) and ip are inner * -automorphisms of A and B, respectively. 

Proof: Suppose that 6 is the isometric inner *- automorphism of A^B. So 
= 0®^, where (j) and ^ are *-automorphisms of A and B, respectively or 
6 = i/^p o T, where v : B ^ A and p : A ^ B are *-isomorphisms, r is a flip 
map [13] . In view of Proposition 14. H it suffices to show that the second case 
will never arise for C*-algebras A and B other than M„. Let J ^ {0} be a 
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proper closed ideal in B and /i = A^J, which is a closed ideal in A^B by 
( [E]! Theorem 5). Since 9 = u®poT is inner so it preserves A^J. Let x (z J 
we then have l<Six G Ii and so 9{l'^x) € Ii. Thus u{x)i^l £ kei{id'^qj) [15] 
and so i'(x) {1 + J) = 0. Therefore, v^x) = giving that x = 0. Hence 
J = {0} and so B is simple. Similarly, one can show that A is simple. By 
hypothesis there exists d € A^B which implements so that (>5 p(a) = 
d{a (8" b)d~^ for all a € A and b G B. Since the set of invertible elements in 
a Banach algebra is an open set, so we can choose z,w € A iS) B such that 
\\z - dlU < 3N~^||A^ II^IIa < II^IIa + 1, and ll-u; - d'^^ < \{\\d\\^ + 



s 



Thus, for z = Xi (S" Ui and w = Uj (8i Vj, we have \\i^{b) p{a) — z{a iS" 

i=i j=i 
b)w\\/\ < \\d{a0b)d~'^ - z{a(Sb)d~^\\ + \\z{a(S)b)d~^ - z{a(S)b)w\\/\ < ^ 



\a\ 



1 

hence ||1 (8 p{a) — XiUUj (8) yjfj||A ^ 2ll'^ll' choose f G A* such 

j=ij=i 

that /(I) = 11/11 = 1. Therefore, \\p{a) - ^ f{xiauj)yiVj\\ < -\\a\\ for 

i=i,j=i 

all a £ A. Take any b £ B, p being an isomorphism, there exists a unique 

r,s ^ 

a £ A such that b = p{a). Thus ||5 — || < 2il^il ^"-"^ 

i=i,j=i 

any b G B. Now define a finite dimensional subspace D of S by 
D = span{yiVj : i = 1, 2, . . . , r, j = 1, 2, . . . , s}. 

The above inequality implies that D f] B[b, / 0, where B[b, -1^] is the 

closed ball center at b and radius So Riesz Lemma gives that D = B 
and hence, by the classical Wedderburn-Artin Theorem, B = Mn for some 
71 € N. Similarly, A = Mn for some n G N. □ 

Corollary 4.3. For an infinite dimensional separable Hilbert space H, 
every inner automorphism of B{H)f§iB{H) is of the form (piSiip, where (j) 
and ip are inner automorphisms of B[H). 

However, by ( [13j, Theorem 5), for unital C*-algebras A and B with at 
least one being non-commutative, isometric inner automorphism of A ®h B 
is of the form (f) V'l where (f) and 'ip are inner automorphisms of A and of 
B, respectively. 

We now give an equivalent form of Proposition 14.11 in case of operator 
algebras. For operator algebras V and W , we do not know if (j)^tp is inner 
then (j) and ip are inner or not. However, if one of the automorphism is an 
identity map then we have an affirmative answer. In order to prove this, we 
need the following results. 

Proposition 4.4. For operator spaces V and W , the family {R^j, : cp eV*} 
({L^ : ijj € W*}) is total on V ®h W. 
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Proof: For u G V 0hW, assume that R^{u) = for all (p G V* . Let 

oo 

Oj (8) 6i be a norm convergent representation in V where 



oo 

U = 

i=l 



and {bi}^-^ are strongly independent. Then we have ^^(/)(aj)6j = 

1=1 

for all <j) (z V*. From the strongly independence of {ai}'^^, choose linear 
functional (f)j S V* such that ||(0j(ai), (j)j{a2), ....... ) — ej|| < e, where {ej} 

oo 

are the standard basis for [Ij, Lemma 2.2). Thus \\bj — ^^0j(ai)6i|| < 

1=1 

oo oo 

e|| and so \\bj\\ < e\\ ^^6*6j||2. Because e was arbitrary, we con- 

1=1 i=l 

elude that bj = for each j, hence n = 0. □ 
For any Banach *-algebra V having approximate identity, we denote by 
P{V) the set of all pure states of V. 

Corollary 4.5. For reduced Banach *-algebra V having approximate iden- 
tity and any Banach algebra W , the family {R^p : (J) G P(y)} is total on 

Proof: Using ( [7], Proposition 2.5.5), we have V = cd{{0}[J P{V)), where 
V is the set of continuous positive forms on V of norm less than equal to 
L Therefore, if i?<^('u) = for all G P{V) then R^{u) = for all </) G F. 

oo 

Thus (/)(aj)'0(6j) = for any (p G V and t/j G W*. Since the algebra V is 

1=1 

*-reduced, so it admits a faithful *-representation, say tti, on some Hilbert 
space, say Hi. For a fix in the closed unit ball of Hi, define (j) € V* as 
(t){a) =< 7ri(a)C, C >• One can easily verify that (f) G V. As vri is faithful so 

oo 

(p is one-to-one. Therefore, ^^aj'i/'(^j) = for any ip G W* and hence the 

i=l 

result follows from Proposition 14. 4[ □ 

Corollary 4.6. For any Banach algebra V and reduced Banach * -algebra 
W having approximate identity, the family {L^ : ip G PiyV)} is total on 
V®hW. 

Corollary 4.7. For operator algebras V and W , if (p and ip are completely 
contractive automorphisms of V and W , respectively. Then (p ip is a 
completely contractive automorphism of V ®hW . 

Proof: By the functoriality of the Haagerup tensor product, the map 

(p) ®hip : V ®h W ^ V W is completely contractive. One can see that 

oo 

htp is an algebra homomorphism. Let u = ai®bi be a norm convergent 

i=l 

representation in V ®h W. Since (p and ip are bijective maps, so there exist 
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oo 

unique di € V and bi € W, for each i, such that u = ^^(/)(ai) ip{bi). 

i=l 

Note that, by the Bounded inverse theorem, cp^^ and ip~^ are completely 
bounded, so (8)h is completely bounded by ( [9j, Proposition 9.2.5). 
For all positive integers k < I, consider 

I I I 

W^di'^biWh = \\^^~'^iai)^ij-\bi)\\h < '^h i^'^WW^ai^biWh. 

i=k i=k i=k 

oo 

This shows that the partial sums of di (8) h form a Cauchy sequence 

i=l 

oo 

in V (^h W, and so we may define an element z = di bi & V (^h W. 

1=1 

Then, clearly (p tp{z) = u. Thus the map is onto. To prove the 
injectivity of the map (j) (dh V') l^t (p iSih i'iu) = for u € F (8)h W . Then, 

oo 

for u = tti ®bi a norm convergent representation in V ®h W, we have 

1=1 

oo oo 

^0(ai) (g) i){bi) = 0. Thus, for any $ G V*, '^^{4>{ai))ip{bi) = 0. But 

i=l i=l 

oo 

ijj is one-to-one, so ^{cl){ai))bi = 0. Now Proposition 14.41 vields that 

i=l 

oo 

(/'(flj) (8 6t = 0. Again by applying the same technique we obtain u = 0. 

i=l 

□ 

By the above corollary, for operator algebras V and W and automor- 
phisms (j) oiV and tp of W, it is clear that if and "0 are inner then i;^) (8)/i ip 
is. 

The following can be proved on the similar lines as those in ( [26j , Lemma 
2) by using ( [7], Proposition 2.5.4), so we skip the proof. 

Lemma 4.8. For unital Banach * -algebra V and any Banach algebra W and 
a pure state 4> of V , we have R^{cxd) = R^{c)R^{x)R(f,{d) for x £ V (dhW 
and c,d£ Z{V) W (Similarly, for any Banach algebra V and unital 
Banach *-algebra W, L^{cxd) = L^{c) L^(x) L^{d) for x € F (i^h W and 
c,d£V ®hZ{W),tP £ P{W)). 

Note that the above lemma can also be proved for the operator space 
projective tensor product. 

Theorem 4.9. Let V and W be unital operator algebras. Suppose that W is 
* -reduced and V has a completely contractive outer automorphism Then 
V i^hW has a completely contractive outer automorphism. 
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t 

Proof: Define a map ^ from V ®hW into V ®hW as /^(^ Oj ® hi) = 

i=l 

t 

<I>(aj)(8i6j. By Corollary 14. 71 /i is a completely contractive automorphism 

i=l 

of y (8)/i W^. Assume that /i is a inner automorphism implemented by u. Then 
/i(x) = uxu'^ . As u 7^ so we can find the pure state ijj onW such that 
L^{u) 7^ by Corollary 14.61 Let := L^{u). Note that for any b G W we 
have u{l (g) 6) = (1 (g) b)u. This imphes that u G (CI ®h Wy, the relative 
commutant of CI (S)hW in V (S>h W, which is V (S>h Z{W) by ( [25], Corollary 
4.7). For a G y, u^a = L^{u{a (g) 1)) = L^((<i>(a) (g) = $(a)ii^ by the 
module property of the slice map. Since u G F (g)/i Z(W) is invertible, so 
is invertible by Lemma 14.81 Therefore, $(a) = u^au^^ and hence <I> is 
inner, a contradiction. Thus ^ is an outer automorphism. □ 
As an application of Proposition l4.4l we determine elements through spec- 
tral property. 

Theorem 4.10. For unital commutative reduced Banach * -algebra A and 
unital Banach algebra B, if a{ux) = a{vx) for u,v G A (^h B and for all 
X (z A (g)/i B then u = v. 

Proof: Since A is *-reduced so, as noted in Corollary 14.51 there is an 
one-to-one pure state (j). Now consider the slice map : A (g)/j B ^ B, 
which is an algebra homomorphism by Lemma 14.81 We first show that 
a{ux) = a{R(f){ux)). Since is an algebra homomorphism, so clearly 
a{R(j,{ux)) C a{ux). Now let A ^ a{R^{ux)). Then there exists b G B such 
that {Xl-R^{ux))b = b{Xl-R^{ux)) = 1. Thus i?<^((A(l(g)l)-iix)(l®6)-l(g) 
1) = 0. As noted in Corollary [475| we have (A(l (g) 1) - (g) 6) - 1 (g) 1 = 0. 
Similarly, (1 (g) 6)(A(1 (g) 1) - ux) - 1 (g 1 = 0. Thus A ^ cr(nx). Hence 
a{ux) = (t{R^{ux)). 

By the given hypothesis and Lemma 14.81 we have a{R^{u)R(f,{x)) = 
a{R^{v)R^{x)) for any x G A^^B. In particular, for any b G B, a{R(f,{u)b) = 
a{R(j,{v)b). So ( [5], Theorem 2.6) yields that R^{u — v) = 0. Again by using 
the techniques of Corollary 14. 5| we obtain u = v. □ 

Remark 4.11. (i) For exact unital operator algebras V and W such that W 
is * -reduced, Theorem 14.91 can be proved for V^W using ( ^1], Corollary 
0.7). 

(ii) For unital commutative C* -algebra A and unital C* -algebra B, one can 
obtain the same result as in Theorem 14.101 for A(g)B by ( [24J, Theorem 2) 
and ( [T5], Lemma 1). 
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